The nonnegative Wigner function of all quantum states involved in teleportation of Gaussian states using the standard continuous-variable teleportation protocol means that there is a local realistic phase-space description of the process. This includes the coherent states teleported up to now in experiments. We extend the phase-space description to teleportation of non-Gaussian states using the standard protocol and conclude that teleportation of non-Gaussian pure states with fidelity of 2/3 is a "gold standard" for this kind of teleportation.
The nonnegative Wigner function of all quantum states involved in teleportation of Gaussian states using the standard continuous-variable teleportation protocol means that there is a local realistic phase-space description of the process. This includes the coherent states teleported up to now in experiments. We extend the phase-space description to teleportation of non-Gaussian states using the standard protocol and conclude that teleportation of non-Gaussian pure states with fidelity of 2/3 is a "gold standard" for this kind of teleportation.
Quantum teleportation is a process that can transfer an arbitrary quantum state from a system held by one party, usually called Alice, to a system held by a second party, usually called Bob. The process requires a pair of systems, shared by Alice and Bob, in an entangled state-the entangled resource-and a "small" amount of classical information transmitted from Alice to Bob. Originally proposed for qubit states [1] , teleportation protocols were later extended to states of a system described by continuous phase-space variables, such as a massive particle or a mode of an optical field [2, 3] . This continuous-variable teleportation protocol was implemented in an experiment that teleported a coherent state of an optical-frequency electromagnetic mode with fidelity 0.58 ± 0.02 [4] . Two recent experiments have improved the experimental fidelity of the teleported coherent state to values of 0.64 ± 0.02 [5] and 0.61 ± 0.02 [6] .
In the standard continuous-variable teleportation protocol [3] , Alice and Bob share an entangled Gaussian state of two modes, A and B, which have annihilation operators a and b; this entangled resource is ideally a two-mode squeezed state [7] . The state to be teleported is the pure [8] state ρ = |ψ ψ| of a mode V in Alice's possession, which has annihilation operator v. The protocol consists of (i) Alice's measuring two (commuting) joint quadrature components of modes V and A, specifically the Hermitian real and imaginary parts of the operator v + a † , (ii) Alice's communicating the (complex) result ξ to Bob, and (iii) Bob's displacing mode B by ξ. The efficacy of the protocol is quantified by the fidelity between the output state of mode B and the input state |ψ , averaged over the possible measurement results.
Experiments to date have teleported only coherent states. It is generally believed, though not proved, that teleporting coherent states with average fidelity F > 1/2 requires an entangled resource [9] . It has thus been argued that teleportation of coherent states with fidelities above 1/2 constitutes truly quantum teleportation [9, 10] . Using a variety of arguments, other workers have contended that F = 2/3 is the appropriate boundary between classical and quantum teleportation [11, 12] . While acknowledging the need for an entangled resource for teleporting coherent states with fidelity F > 1/2 (indeed, we provide additional evidence), we add a fresh perspective by investigating whether the entangled resource is used in a way that can be accounted for by a classical phase-space description. When such a description exists, it provides a local realistic hidden-variable model for the teleportation protocol.
Our investigation is motivated by the fact that the coherent states and the Gaussian entangled resource used in the experiments have nonnegative Wigner functions [13] , which are phase-space probability distributions that provide a classical description of measurements of the quadrature components. A nonnegative Wigner function does not give a classical description of measurements other than those of quadrature components; specific such measurements on an entangled Gaussian state cannot be given a local realistic description and thus violate Bell inequalities [14] . Since the standard protocol uses only quadrature measurements, however, we conclude that for teleporting coherent states-or any Gaussian stateusing the standard teleportation protocol, the nonnegative Wigner function of the three modes gives a classical, local realistic description for all fidelities. This means that all the experiments to date-and any such experiment that teleports coherent states, no matter what fidelity is achieved-can be accounted for in terms of purely classical correlations, with no need for a quantum-mechanical explanation.
To find situations where the Wigner function does not provide a classical phase-space description of the standard protocol, we must look to teleportation of nonGaussian states, which (for pure states) have Wigner functions that take on negative values [15] . To accommodate non-Gaussian states, we extend our hidden-variable model by allowing (i) Alice to substitute a randomly displaced state with nonnegative Wigner function in place of the non-Gaussian state and (ii) Alice and Bob to cheat by teleporting this new "smeared-out" state with perfect fidelity. Teleportation of non-Gaussian pure states with fidelity F ≥ 2/3 cannot be accommodated within this extended hidden-variable model, thus making a fidelity of 2/3 a "gold standard" for teleportation of non-Gaussian pure states.
We begin with a brief Wigner-function-based review of the teleportation protocol. The state ρ AB of modes A and B has Wigner function W AB (α, β), which is a quasidistribution for the c-number complex amplitudes α and β corresponding to the annihilation operators a and b [16] . In the standard protocol, W AB (α, β) is a Gaussian, but for the present, we allow it to be a general Wigner function. The (pure [8] ) state ρ = |ψ ψ| of mode V has Wigner function W ρ (ν), where ν is the c-number complex amplitude corresponding to annihilation operator v. The overall Wigner function of the three modes is W ρ (ν)W AB (α, β). The state of mode B after a measurement of v + a † that yields result ξ has Wigner function
where
is the probability to obtain result ξ.
Having received result ξ from Alice, Bob displaces the complex amplitude of mode B by ξ, yielding a state ρ out (ξ) with Wigner function W out (β|ξ) = W ′ (β − ξ|ξ). The fidelity of this output state and the input state is F (ξ) = ψ|ρ out (ξ)|ψ . We are interested in the average of this fidelity over all measurement results,
is the average output state, having Wigner function
is the (nonnegative) probability to obtain result ν in a measurement of b + a † on modes A and B. Equation (3) shows that the average output state is a mixture of displaced input states,
where D(ν) is the displacement operator.
We can now write the average output fidelity in two complementary forms,
the symmetrically ordered (Wigner-Weyl) characteristic function of the input state [17] , is the Fourier transform of the Wigner function. The first form in Eq. (6) comes directly from Eq. (5), and the second from from writing the fidelity as an overlap of the Wigner functions for the input and average output states. The effect of the initial state of modes A and B on the average fidelity is contained wholly in the marginal distribution G(ν). Highfidelity teleportation occurs when G(ν) is very narrow, i.e., when the quadrature components contained in b + a † are sharp, expressing a particular kind of correlation between modes A and B. Using the Fourier transform (7), we can derive two other, equivalent forms for the average fidelity,
is the Fourier transform of G(µ). Before proceeding to the standard protocol and our hidden-variable models, we pause here to demonstrate the one technical result we need. We wish to find the maximum value of the integral I = d 
The integral I being the expectation value of A t , I is bounded above by the largest eigenvalue of A t . Since A t is diagonal in the number-state basis, with eigenvalues that decrease in magnitude with the number of quanta, we have
with the maximum achieved if and only if ρ AB is the vacuum state for mode D.
For the case that ρ AB is a pure product state, |Ψ = |ψ A ⊗ |ψ B , which turns out to be the case of interest here, the condition for achieving the maximum becomes d|Ψ = 0 or, equivalently, a|ψ A ⊗ |ψ B = |ψ A ⊗ b|ψ B , from which it follows that a|ψ A = |ψ A ψ B |b|ψ B and b|ψ B = |ψ B ψ A |a|ψ A , implying that |ψ A and |ψ B are identical coherent states. Thus the only pure product states that achieve the maximum in Eq. (12) (6) to write the average fidelity as
Here W A (−α * ) is the Wigner function for the timereversed, parity-inverted state of mode A. The t = 2 general bound (12) implies F ≤ 1/2, with equality if and only if mode A is in a coherent state |α and mode B is in the time-reversed, parity-inverted coherent state |−α * . Now suppose modes A and B are initially in a separable state, thus having a pure product-state ensemble decomposition. The fidelity is the average over the pure product-state ensemble, which shows that the fidelity is still bounded above by 1/2, with equality if and only if the separable state is a mixture of product states of the form |α ⊗ |−α * . This does not show that 1/2 is the maximum fidelity for coherent-state teleportation in the absence of entanglement, since the result applies only to the standard protocol, but it is an additional piece of evidence, distinct from the results reported in Ref. [10] .
We now take up again our analysis of the standard teleportation protocol, assuming that modes A and B are in a Gaussian state with Wigner function
where c and s satisfy |s| < c ≤ √ 1 + s 2 . This state is pure if and only if c = √ 1 + s 2 , in which case the state becomes a two-mode squeezed state with c = cosh 2r and s = sinh 2r, where r is the squeeze parameter [7] . The state (14) is separable if and only if c ≤ 1 − |s| [18] .
For the Wigner function (14) , the distribution (4) is a Gaussian,
where t ≡ 2/(c + s) is the single parameter needed to characterize the fidelity that can be achieved with this entanglement resource. The Wigner function (3) of the average output state is the (s = −t)-ordered quasidistribution, W
ρ (ν) [17] , of the input state:
For t = 0, G(ν) is a δ-function, and the output state is identical to the input state (perfect teleportation). For t = 1, the Wigner function of the average output state is the Husimi Q distribution of the input state, i.e., (14) is entangled, with the right sort of correlations for this protocol, these correlations decreasing as t increases. At t = 2, the state passes through the separability boundary c + s = 1, and for t ≥ 2, the state either is separable (c ≤ 1 − |s|) or, though entangled (c > 1 + s), has the wrong sort of correlations for this protocol.
The average fidelity of Eqs. (6) and (8) now becomes
The second form is the overlap of the Wigner function and the s-ordered quasidistribution for the input state. The first two derivatives of the last form show that F ρ (t) is a strictly decreasing, strictly concave function of t. These forms also show that the average fidelity obeys the scaling relation F ρ (t) = 2F ρ (4/t)/t, which again draws attention to the separability boundary at t = 2. Given that |C coh (ν)| 2 = e −|ν| 2 , the average fidelity for teleporting a coherent state is F coh (t) = (1 + t/2) −1 . For number states |n , whose Wigner functions take on negative values (except for n = 0), we have obtained an analytic formula for a generating function
The resulting fidelity for teleporting a number state is
where P n (x) is a Legendre polynomial. This gives F |n n| (1) = 2P n (5/3)/3 n+1 and F |n n| (2) = (2n)!/2 2n+1 (n!) 2 . Another example of a state with a Wigner function that takes on negative values is the superposition |ψ = (|0 + |1 )/ √ 2, which has teleportation fidelity F |ψ ψ| (t) = (1 + 3t/4 + t 2 /4)/(1 + t/2) 3 . We now return to our Wigner-function-based discussion of hidden-variable models for teleportation. For Gaussian input states and for the two-mode entangled resource (14) , all the Wigner functions are nonnegative [13] , so they provide a classical phase-space description-and hence a local hidden-variable description-for this kind of teleportation, no matter what fidelity is achieved. The hidden variables are the quadrature components of all the modes, and the overall Wigner function is a probability distribution for these hidden variables.
All non-Gaussian input pure states have Wigner functions that take on negative values (Hudson-Piquet theorem [15] ) and thus cannot be incorporated in the simple hidden-variable model. To see what can be achieved within a classical phase-space description, suppose that before performing the teleportation protocol, Alice "kicks" the input state ρ randomly in phase space. The random kick is described by a Gaussian so that the average state after the kick is
